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Transgression field theory at the interface of topological insulators
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Department of Physics, Ankara University,
Faculty of Sciences, 06100, Tandog˘an-Ankara, Turkey
Topological phases of matter can be classified by using Clifford algebras through Bott periodicity.
We consider effective topological field theories of quantum Hall systems and topological insulators
that are Chern-Simons and BF field theories. The edge states of these systems are related to the
gauge invariance of the effective actions. For the edge states at the interface of two topological
insulators, transgression field theory is proposed as a gauge invariant effective action. Transgression
actions of Chern-Simons theories for (2+1)D and (4+1)D and BF theories for (3+1)D are
constructed. By using transgression actions, the edge states are written in terms of the bulk
connections of effective Chern-Simons and BF theories.
Keywords: topological insulators, Chern-Simons theory, BF theory, transgression field the-
ory
I. INTRODUCTION
Topological insulators are new phases of matter that generalize the quantum Hall (QH) systems to different sym-
metries and dimensions. One of the characteristic properties of topological insulators for their classification is time
reversal (TR) symmetry and there are two main classes which are Z2 insulators that have TR symmetry and Z
insulators that have no TR symmetry [1, 2]. The periodic table of topological insulators and superconductors can be
obtained by using the Bott perodicity relation of Clifford algebras in both complex and real cases [3]. Symmetries
of corresponding Hamiltonians of topological insulators and superconductors generate the Clifford algebras in rele-
vant dimensions and the relation between symmetric spaces and Clifford algebras gives the topological classes in the
periodic table through K-theory methods [4].
Topological insulators can also be described effectively by topological field theories. Effective theory of QH systems
in two space dimensions ((2+1)D) is described by Chern-Simons (CS) topological field theory (TFT) [5–8]. Since
QH states are bulk insulating and edge conducting systems and CS theory in (2+1)D is not invariant under TR
symmetry, they correspond to a special case of TR breaking topological insulators. However, in (4+1)D CS theory is
TR invariant and generalizations of QH states to (4+1)D are TR invariant topological insulators [9–11]. Despite the
fact that the CS theory is not defined in odd space dimensions, TFT of TR invariant topological insulators can be
written in (3+1)D by the procedure of dimensional reduction in terms of axion electrodynamics and the topological
theta-term [12–14]. On the other hand, there is also BF field theory description of topological insulators in (3+1)D
[15]. This approach is more convenient for deriving the edge states from the boundary analysis.
In even space dimensions, effective bulk theory of QH states and topological insulators are written as abelian
CS theories in terms of a U(1) connection a. For manifolds with boundary, CS theory is not gauge invariant and
it transforms under gauge transformations of the connection a up to a boundary term. To construct the gauge
invariance, one defines a scalar field that lives on the boundary and add a term to the action that compensates the
term spoiling the gauge invariance. In this way, the edge states are described by the extra scalar field which do not
effect the bulk term [6, 7]. In (3+1)D, BF theory is also not gauge invariant and similar procedure can be applied to
define the edge states of topological insulators [15]. To describe the edge dynamics completely with the scalar field,
one must also add a kinetic term for the scalar field to the action.
On the other hand, problem of obtaining a gauge invariant action for CS theories can also have a solution without
defining extra fields. Two CS theories which are defined in two different manifolds and interact only at their common
boundary can be described by a transgression field theory [16, 17]. A transgression form is defined as whose exterior
derivative is difference of two Chern classes and it can be written as a sum of two CS theories and a boundary term
for two different bulk connections [16–19]. The two CS theories are defined for two different connections a and a¯.
By writing as an action principle for two interacting CS field theories, the whole transgression action is fully gauge
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2invariant [20, 21]. The boundary term that supply the gauge invariance comes automatically from the definition of
transgression form and the edge dynamics at the common boundary for two interacting systems can be described by
this boundary term. This construction can be extended to the case of BF theories and a transgression form for two
BF theories interacting at their common boundary can be written in a similar way. In fact, this approach may be
broadened to more than two TFTs that interact between themselves at their boundaries [22].
In the following sections, we consider two topological insulators described by two different TFTs and interact at
their common boundary in various dimensions. By using transgression field theory approach, we investigate the edge
excitations from the gauge invariance of the total action of the system. In (2+1)D, constructing transgression field
theory of two QH states described by abelian CS theories give the result that the edge excitations are determined by
the mean value of the bulk connections of the two CS theories. In (4+1)D, the same result is obtained for two TR
invariant topological insulators which have a common interface. In (3+1)D, BF field theory approach of topological
insulators is considered. Up to our knowledge, a transgression action for two interacting BF theories is absent in
the literature. Therefore we construct a gauge invariant transgression term for two interacting BF theories under a
constraint for gauge transformations at the boundary. By using this transgression term, we obtain the result that the
edge excitations for two interacting BF theories of topological insulators with a common interface is determined by
the mean value of the bulk connections with a sign difference from the result obtained for CS theories. As a result,
edge excitations at the interface of two topological insulators can be described only by bulk connections without using
arbitrary scalar fields.
In the hydrodynamical approach of the edge states for quantum Hall systems [8], the edge states are described
by fictitious scalar fields that are defined at the boundary of the system. However, in this paper, we find that by
using the effective topological field theory approach of quantum Hall systems, the edge states can be obtained from
the bulk connections of the theory without needing any additional scalar fields at the boundary. This is done by
finding the transgression field theories at the boundary for the bulk topological field theories. This gives a new way to
describe the edge states and a simplification for the theory by eliminating the fictitious fields. It also implies that the
bulk/edge correspondence through transgression actions for quantum Hall systems and topological insulators gives
another manifestation of the holography principle in those systems by only using the bulk properties with no need
for defining extra edge degrees of freedom. In that way, the approach used in the paper gives a unified conceptual
framework to describe different kinds of topological phases through transgression field theories. Those advances in
the theoretical framework of topological states of matter are the main motivations of the paper.
II. TOPOLOGICAL BAND THEORY AND CLASSIFICATION THROUGH CLIFFORD ALGEBRAS
The band structure of free-fermion Hamiltonians can be classified with respect to the symmetries they satisfy. There
are ten symmetry classes of free-fermion Hamiltonians with possible anti-unitary symmetries [23]. This tenfold way
is originated from the periodicity properties of Clifford algebras. The anti-unitary symmetries such as TR, charge-
conjugation and chiral symmetries constitute the generators of the Clifford algebra of the relevant dimension and the
following two-fold and eight-fold periodicities of complex and real Clifford algebras respectively [24]
Cln+2 ∼= Cln ⊗ Cl2
Cln+8,0 ∼= Cln,0 ⊗ Cl8,0
Cl0,n+8 ∼= Cl0,n ⊗ Cl0,8
give the two complex and eight real symmetry classes of topological insulators and superconductors. Here Clp,q
denotes the p + q dimensional real Clifford algebra with p positive and q negative generators and Clp denotes the
p dimensional complex Clifford algebra. Each of the ten Cartan symmetric spaces correspond to a symmetry class
through the relation between representations of Clifford algebras and symmetric spaces [3]. These symmetric spaces
play the role of classifying spaces for the symmetry classes and from the homotopy groups and K-theory groups of those
classifying spaces, the free-fermion Hamiltonians that have topological phases in relevant dimensions and symmetry
classes can be obtained. This correspond to the periodic table of topological insulators and superconductors [4]. The
periodicity relations of Clifford algebras that are given above induce the Bott periodicity of reduced complex and real
K-theory groups of d-dimensional sphere Sd as follows
K˜C(S
d+2) = K˜C(S
d)
K˜R(S
d+8) = K˜R(S
d)
where K˜C denotes the reduced complex K-group and K˜R is the reduced real K-group. This gives way to the two-fold
and eight-fold periodicities in complex and real classes in the periodic table [4].
3The mentioned K-groups can correspond to three different possibilities; the trivial case 0, integer case Z and Z2.
The topological phases in Z classes are called Chern insulators since the topological invariants that characterize them
are Chern and winding numbers and the topological phases in Z2 classes are called Z2 insulators.
III. TOPOLOGICAL FIELD THEORY AND TRANSGRESSION FORMS
The classification of topological phases of matter can be described by effective field theories in the low energy limit.
The effective field theories of topological insulators correspond to topological field theories and they can be written
in terms of topological terms in the action and relevant topological invariants.
A. (2+1)D and (4+1)D
In (2+1)D, bulk effective action of QH systems is given by an abelian CS theory in terms of a U(1) connection a;
S0 =
C1
4π
∫
M
a ∧ da. (1)
Here ∧ is the wedge product and d is the exterior derivative operator. This action is not gauge invariant under the
transformations a→ a+ dγ for a manifold M with boundary ∂M where γ is a function. The constant coefficient C1
represents the quantized Hall conductivity and given by the first Chern number of the Berry curvature of the system
[25];
C1 =
1
2π
∫
d2kǫabfab (2)
where the integral is taken over the momentum space, ǫab is the antisymmetric Levi-Civita symbol of valence two and
fab’s are the components of Berry curvature. a, b takes values 0, 1, 2 and the summation convention is assumed. The
Chern number gives the topological phase of the system and it takes integer values. However, this coefficient does not
affect the gauge invariance properties of the action. The edge dynamics of QH states stems from restoring the gauge
invariance of the action by adding a boundary term;
S =
C1
4π
∫
M
a ∧ da+
C1
4π
∫
∂M
dφ ∧ a (3)
where φ is a scalar field that transforms as φ → φ + γ and it is defined from the gauge condition at the boundary
a0 = 0 and ai = ∂iφ for i = 1, 2 [6, 7] and it should be noted that, since φ is a boundary field, its exterior derivative
has no bulk part; that is dφ = d|∂Mφ. In fact, the Hamiltonian of the boundary term is zero and the construction of
the edge dynamics needs an extra kinetic term which is
∫
∂M
Dφ ∧ ∗Dφ where Dφ = dφ − a and ∗ is the Hodge star
operation on differential forms over ∂M .
The edge excitation φ which is determined from the boundary terms of the gauge invariant action is related to the
electron operator Ψ at the edge as follows [6–8]
Ψ ∝ exp
(
i
1
C1
φ
)
(4)
and Ψ satisfies the fermion statistics for C−11 is an odd integer which means that we will consider the cases of C1 = 1.
In hydrodynamical approach of the edge excitations, the edge waves are described by the density
ρ =
1
2π
∂xφ
and it satisfies the wave equation
∂tρ− v∂xρ = 0.
Here, t denotes the time coordinate, x is the coordinate that is parallel to the boundary and v is the group velocity
of the edge excitation. The density ρ is defined as ρ(x) = nh(x) where h(x) is the displacement of the edge and n
is the electron density in the bulk. The quantization of the Hamiltonian of the edge waves gives the relation (4) for
4the fermionic operator that carries the charge e. The sign of the velocity of the edge excitations is determined by the
sign of the Chern number [6, 7].
Let us consider two QH states defined for the connections a and a¯ living on the cobordant manifolds M and M¯
respectively, namely ∂M = ∂M¯ , with Chern numbers C1 and C
′
1 and have an interface along their common boundary.
The full action without kinetic terms is written as
S =
C1
4π
∫
M
a ∧ da+
C1
4π
∫
∂M
dφ ∧ a
+
C′1
4π
∫
M¯
a¯ ∧ da¯+
C′1
4π
∫
∂M
dφ¯ ∧ a¯ (5)
A special choice for the Chern numbers of two QH states can be C′1 = −C1. Then, the action of the system is as
follows
S =
∫
M
a ∧ da+
∫
∂M
dφ ∧ a−
∫
M¯
a¯ ∧ da¯−
∫
∂M
dφ¯ ∧ a¯ (6)
where the overall constant C1/4π is not written for simplicity, since it does not affect the gauge invariance of the
action, but it should be kept in mind that C1 has to be unity (C1 = 1) for statistical reasons. This choice of Chern
numbers will also be relevant for the following discussions of (4+1)D and (3+1)D cases. By the way, since we have
a common boundary for two different QH systems, the edge dynamics must be same and the scalar fields should be
taken as φ = φ¯.
On the other hand, a gauge invariant action for two CS theories C2n+1(a) and C2n+1(a¯) interacting along their
common boundary can be written in terms of transgression form without using extra scalar fields [16, 17];
ST =
∫
M
C2n+1(a)−
∫
M¯
C2n+1(a¯)−
∫
∂M
B2n(a, a¯) (7)
where
C2n+1(a) = (n+ 1)
∫ 1
0
dt〈a(tda+ t2a2)n〉 (8)
is the CS (2n+1)-form and
B2n = −n(n+ 1)
∫ 1
0
sds
∫ 1
0
dt〈at(a− a¯)f
n−1
st 〉 (9)
is the boundary term. Here, 〈...〉 is the symmetric invariant trace for the Lie algebra and at = ta + (1 − t)a¯ is the
composed connection of a and a¯ with the curvature ft = dat+at∧at. The definition of fst is fst = sft+s(s−1)at∧at
and fnt = ft ∧ ... ∧ ft (n times). For (2+1)D abelian CS theories the gauge invariant transgression action is written
as follows (by taking n = 1 in (7))
ST =
∫
M
a ∧ da−
∫
M¯
a¯ ∧ da¯−
∫
∂M
a ∧ a¯. (10)
By comparing (10) and (6) one obtains that the edge dynamics of two QH states at their common boundary can be
written from the equality
a+ a¯
2
= dφ
which is relevant only at the boundary. Hence, we found that to construct the edge dynamics of the system, there is
no need to define a gauge choice at the boundary and the gauge invariance of the transgression action gives the form
of the scalar field in terms of the bulk connections. So, transgression field theory serves a natural gauge invariant
effective theory for two QH systems with a common interface using only bulk connections.
The first TR invariant topological insulator state was introduced for (4+1)D [26, 27] and TR invariant topological
insulators for other dimensions can be constructed from this root state. The effective theory of this state is given by
the abelian CS theory in (4+1)D;
S0 =
C2
24π2
∫
M
a ∧ da ∧ da. (11)
5In this case C2 is given by the second Chern number of the Berry curvature;
C2 =
1
32π2
∫
d4kǫabcdtr[fabfcd] (12)
where a, b, c, d takes values 0, 1, 2, 3, 4. The gauge invariance requirements again modify the action with a boundary
term for a scalar field φ;
S =
C2
24π2
∫
M
a ∧ da ∧ da+
C2
24π2
∫
∂M
dφ ∧ a ∧ da (13)
and a kinetic term for the dynamics of the boundary scalar field. By considering two TR invariant topological insulator
states with a common interface as in the case of (2+1)D with Chern numbers C′2 = −C2, one can write the total
action for two CS theories as
S =
∫
M
a ∧ da ∧ da+
∫
∂M
dφ ∧ a ∧ da
−
∫
M¯
a¯ ∧ da¯ ∧ da¯−
∫
∂M
dφ¯ ∧ a¯ ∧ da¯. (14)
However, we can use the transgression field theory for this system and write the following action from (7) (by taking
n = 2)
ST =
∫
M
a ∧ da ∧ da−
∫
M¯
a¯ ∧ da¯ ∧ da¯−
∫
∂M
a ∧ a¯ ∧ (da+ da¯). (15)
The comparison of two CS theories written as in (14) for φ = φ¯ and the transgression action (15) gives the result that
the scalar field which define the edge dynamics of this system is given as
a+ a¯
2
= dφ.
This is exactly the same result that we found in (2+1)D case and this shows that the transgression field theory approach
for topological insulators with a common interface is consistent for different dimensions in defining boundary scalar
fields from the bulk connections.
B. BF theory and (3+1)D
In (3+1)D, TR invariant topological insulators are described by an effective topological action that is the second
Chern class of an abelian U(1) connection with a coefficient θ which takes only two values [12]. On the other hand, a
different approach to describe the TR invariant topological insulators in (3+1)D in terms of a topological field theory
is also recently proposed [15]. In this case, the topological BF field theory is the effective action for (3+1)D TR
invariant topological insulators which is given by
S0 = θ
∫
M
b ∧ f (16)
where b is a 2-form field and f = da is the curvature of the abelian U(1) connection a. θ is the Z2 topological
invariant that characterizes the TR invariant topological insulators in (3+1)D. The b field corresponds to the response
of the system to an applied π flux (which corresponds to the response of the system to an external potential) [15].
However, like in the CS case, this action is also not gauge invariant and to satisfy the gauge invariance one needs to
add boundary terms to the action. For a boundary scalar field φ, that gives the edge dynamics of the system, the
following action is gauge invariant under the transformations b→ b+ dξ, a→ a+ dγ and φ→ φ− γ;
S = θ
∫
M
b ∧ f − θ
∫
∂M
b ∧ a− θ
∫
∂M
b ∧ dφ. (17)
If we consider two topological insulators which have a common boundary with different topological invariants as
before, the total action is written as follows
S =
∫
M
b ∧ f −
∫
∂M
b ∧ a−
∫
∂M
b ∧ dφ
−
∫
M¯
b¯ ∧ f¯ +
∫
∂M
b¯ ∧ a¯+
∫
∂M
b¯ ∧ dφ¯ (18)
6and we take φ = φ¯ for the common boundary because of we have the same boundary for two topological insulators
which implies that the boundary degrees of freedom must be equal to each other.
However, unlike the CS case, there is no transgression form defined in the literature for two BF field theories
interacting along their common boundary. Hence, to do the same boundary analysis as before we have to define a
transgression action for BF theories. In fact, this can be done in (3+1)D with some constraints on gauge transforma-
tions. Let us consider the following action for two BF theories with common boundary
STBF =
∫
M
b ∧ f −
∫
M¯
b¯ ∧ f¯ −
1
2
∫
∂M
(b + b¯) ∧ (a− a¯). (19)
This action is gauge invariant under the transformations
b→ b+ dξ , b¯→ b¯+ dξ¯ , a→ a+ dγ , a¯→ a¯+ dγ¯ (20)
if γ¯ = γ + c and ξ¯ = ξ + dα, where ξ is a 1-form, c is a constant and α is a function. This gauge invariance property
shows that the action (19) corresponds to a transgression action. Hence, we construct a transgression action for
abelian (3+1)D BF theories for some special gauge transformations.
Now, we can do the same comparison between two interacting BF theories (18) and the transgression action (19)
and find that the scalar field that define the dynamics at the boundary is given by
−
a+ a¯
2
= dφ.
So, the transgression field theory is also relevant for (3+1)D BF theories case and the exterior derivative of the scalar
field is again proportional to the mean value of the bulk connections as before. This construction strengthens the
transgression field theory approach that we propose for the boundary dynamics of topological insulators.
IV. CONCLUSION
The edge dynamics of topological insulators is a result of gauge invariance of the bulk topological action. However,
the dynamics is described by a boundary scalar field in the literature. If we have two topological insulators with an
interface at their common boundary, then we can write a gauge invariant action for this system as a transgression
field theory. By doing this, we show that the dynamics at the boundary is determined by the mean value of the bulk
connections;
±
a+ a¯
2
= dφ (21)
and this is relevant for both (2+1)D and (4+1)D CS theory and (3+1)D BF theory cases. This is the main result of
the paper and this implies that the density of the edge waves are determined by the bulk connections as follows
ρ =
1
2π
∑
i
∂xiφ = ±
1
4π
∑
i
(ai + a¯i) (22)
where xi are the coordinates of the boundary surface and ai and a¯i are components of the bulk connections. Hence,
the number density at the boundary is described by the intrinsic gauge fields a and a¯. From (21), one obtains that
the boundary scalar field can be written as a sum of the holonomies of the two bulk connections along the boundary
φ = ±
1
2
(∫
∂M
a+
∫
∂M
a¯
)
. (23)
Hence, the electron operator at the edge is written in terms of holonomies from (4) as
Ψ ∝ exp
(
±
i
2C1
(∫
∂M
a+
∫
∂M
a¯
))
. (24)
While the connections are defined in the bulk, holonomies are defined as integrals around the boundary. This is
a correspondence between bulk and boundary and another manifestation of the holography principle in topological
insulators.
As a result of (21), the electron operator Ψ at the interface of two topological insulators with opposite Chern
numbers is determined by the bulk connections through the relation (24). In view of this, the transgression actions
7are natural candidates for effective TFTs of two topological insulators with common boundary and the edge dynamics
is determined by the bulk connections of transgression field theory. In that way, we show that the edge states can be
completely determined by the bulk connections without using any arbitrary scalar fields and the transgression field
theory approach gives a new unified description for the edge states of different topological phases.
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